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Introduction 

Relationship between force and motion

Important in

Design of robots

Simulation and animation of robot motion

Design of control algorithm

Euler-Lagrange Equation

Several examples

Several important properties
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The Euler-Lagrange Equations

A general set of differential equation that describe the time 
evolution of mechanical systems subject to holonomic
constraints

Two distinct ways of deriving these equations

Virtual work

Hamilton’s principle
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Motivation
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Motivation

f
y

L

y

L

dt

d

y

P
-

y

L

y

K

y

L

mgyymPKL

=
∂
∂

−
∂
∂

∂
∂

=
∂
∂

∂
∂

=
∂
∂

−=−=

&

&&&

&

  and  

2

1 2

nk
q

L

q

L

dt

d
k

kk

,,1     ; L
&

==
∂
∂

−
∂
∂ τ

Lagrangian

Euler-Lagrange Equation
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Generalized coordinates
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Example 7.1: Single link manipulator

lm rθθ =
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Kinetic Energy of a Rigid Object
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Example 7.2: Uniform Rectangular Solid
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Two-links Cartesian Manipulators
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Planar Elbow Manipulator
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Planar Elbow Manipulator with Remotely Driven Link
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Planar Elbow Manipulator with Remotely Driven Link
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Five-Bar Linkage
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Properties of Robot Dynamic Equations

Fortunately, robot dynamic equations contain some 
important structural properties

Skew symmetry property

Passivity property

Linearity-in-the-parameters property

Global bounds of inertia matrix for revolute joint robots

Good advantage for developing control algorithms


